COMPUTING THE GALOIS GROUP OF SOME PARAMETERIZED LINEAR 
DIFFERENTIAL EQUATION OF ORDER TWO. 



THOMAS DREYFUS 



Abstract. We extend Kovacic's algorithm to compute the differential Galois group of some second 
order parameterized linear differential equation. In the case where no Liouvillian solutions could be 
found, we give a necessary and sufficient condition for the integrability of the system. We give various 
examples of computation. 
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Introduction 
Let us consider the linear differential equation: 



< 

fdxYiX)\ _f l\f Y{X) 
\dlY{X)) ~ \r[X) Q)\dxY{X) 

J2 ■ where r{X) is a rational function with coefficients in C. We have a Galois theory for this type of equation, 

see |VdPS| . In particular, we can associate to this equation a group H, we call the differential Galois 
group, that measures the algebraic relations of the solutions. In this case, this group can be viewed as a 
, linear algebraic subgroup of SL2(C). Kovacic in |Kovj (see also |VdPj ) uses the classification of the linear 

^ ■ algebraic subgroup of SL2(C) to obtain an algorithm that determines the Liouvillian solutions, which 

CO , are the solutions that involve exponentials, indefinite integrals and solutions of polynomial equations. In 

■ particular, four cases happen: 

(1) H is conjugated to a subgroup of i? = | f ^ ) ' '^^^'^^ ^ ^ & G C I and there exists a 



/o with f{X) e C{X). 



Liouvillian solution of the form e 

(2) H is conjugated to a subgroup of Doc ~ | a^^) '^6 ^0 ) ' ^^^""^ o,,b £ C*^ and there 

exists a Liouvillian solution of the form e-^o ■'^'■"-'''"^ where f{X) is algebraic over C{X) of degree 
X ; two and f{X) ^ C{X). 

(3) H is finite and all the solutions are algebraic over C{X). 

(4) H — SL2(C) and there are no Liouvillian solutions. 
Various improvements of this algorithm has been made. See for example |DLR[ IHVdPl lUWi [Z] . The case 
where H is finite has been totally solved in |SU1[ ISU2| , see also [HWj . 

Let {do, 9i, . . . , 9„} be a set of n + 1 commuting derivations. In this article, we are interested in the 
parameterized linear differential equation of the form: 

'doY\ _ fO l\ f Y 



^dlY) \r Oj \doY^ 

where r belongs in a suitable (9oj c^i, • ■ ■ , 9„)-differential field. The derivations 9i,...,9„ should be 
thought as derivations with respect to the parameters. We will denote by C its field of 9o-constant. In 
[L] and [CS . HSJ, the authors develop a Galois theory for the parameterized linear differential equations. 
They define a parameterized differential Galois group, that measures the . . . , (9„)-differential and 
algebraic relations between the solutions, see the section[TJ This group can be seen as a differential group 
in the sense of Kolchin: this is a group of matrices whose entries lie in the differential field C and satisfy 
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a set of polynomial differential equations in coefficients in C. In the case of the equation OqY ~ rY, 
the Galois group will be a linear differential algebraic subgroup of SL2(C). The goal of this paper is 
to extend the algorithm from Kovacic and compute the parameterized differential Galois group of the 
equation d^Y — rY. 

The article is presented as follow. In the first section, we recall some basic facts about parameterized 
differential Galois theory. This theory need to use a field of 9o-constant which is {di , ■ ■ ■ , i9„)-differentially 
closed (see ICS] Definition 3.2). We will make a stronger assumption on the field of 9o-constant C: we 
will assume that C is an universal {di,.. . ,9„)-field (see the section [!}. We do this assumption on C 
because a field (i9i, . . . , 9„)-differentially closed is an abstract field which has no interpretation as a field 
of functions. We will see in the section 2 that a result of Seidenberg will allow us to identify the elements 
of the universal {di, . . . , i9„)-field C we will consider as meromorphic functions on a polydisk D of C". 

In the second section, we recall the result of Seidenberg which implies that the parameterized dif- 
ferential Galois group can be seen as a linear differential algebraic subgroups defined over a field of 
meromorphic functions on a polydisk D of C". Since the original algorithm from [Kovj can be applied if 
we consider rational function having coefficients in an algebraically closed field, we apply the Kovacic's 
algorithm for the field of rational function having coefficients in C. We obtain Liouvillian solutions that 
can be interpreted as meromorphic functions. Then we explain how to compute the Galois group in the 
four cases of the Kovacic's algorithm. In the case number 4, the Galois group is Zariski dense in SL2. We 
recall the definition of an integrable system and the link with integrablc system and equations with Galois 
group that is Zariski dense in SL2 . We decrease the number of integrability conditions by showing that 
this is enough to check the integrability condition for the pairs of derivations {dx,d), where d belongs 
in the vectorial space spanned by the derivations with respect to the parameters. Then, we obtain an 
effective way to compute the Galois group in the case number 4, see the proposition O We summarize 
the results of the section in the theorem [TTl 

In the last section we give various examples of computation. 

Acknowledgments. This article has been prepared during my thesis, which is supported by the region 
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I also want to thank Jacques-Arthur Weil and William Sit, for pointing me out some mistakes and 
inaccuracies in this paper. Thanks to the anonymous referee for the pertinents remarks. 



Let K he a differential field equipped with n + 1 commuting derivations: do,. . . ,dn and let A = 
{di, . . . , dn}- We will assume that its field of 9o-constant C is an universal (A)-field with characteristic 0: 
that is a (A)-field such that for any (A)-field Cq C C, (A)-finitely generated over Q, and any (A)-finitely 
generated extension Ci of Co, there is a (A)-differential Co-isomorphism of Ci into C. See jKol76j . 
Chapter 3, Section 7 for more details. In particular C is (A)-differentially closed. In this section, we will 
recall the result from [CS| of Galois theory for the parameterized linear differential equation of the form: 



with r G K. A parameterized Picard-Vessiot extension of the equation ([T]) on X is a {do, . . . ,dn)- 
differential field extension )C\K generated over K by the entries of an invertible solution matrix (we will 
call fundamental solution) and such that the field of 9o-constant of /C is equal to C. We can apply the 
theorem 9.5 of jCS j for the equation ([1]), and deduce the existence and the unicity up to {do, ■ ■ ■ ,dn)- 
differential isomorphism of the parameterized Picard-Vessiot extension )C\K. If A = 0, we recover the 
usual unparameterized Picard-Vessiot extension. 

The parameterized (resp. unparameterized) differential Galois group C (resp. H) is the group of field 
automorphisms of the parameterized Picard-Vessiot extension (resp. the unparameterized Picard-Vessiot 
extension) of the equation ([1]), which induces the identity on K and commutes with all the derivations 
(resp. with the derivation do). Let U he a fundamental solution. In the unparameterized case. 



is a linear differential algebraic subgroup: that is a subgroup of GL2(C) which is the zero of a set of (A)- 
differential polynomials in 4 variables. See the theorem 9.10 of [CS| for a proof. Any other fundamental 
solution yields another differential algebraic subgroup of GL2(C) which are all conjugated over GL2(C). 
We will identify C (resp. H) with a linear differential algebraic subgroup of GL2(C) (resp. with a linear 
algebraic subgroup of GL2(C)) for a chosen fundamental solution. The next lemma is a classical result. 



1. Parameterized differential Galois theory 



(1) 





Lemma 1 ([Kov], Section 1.3). C C SL2(C). 
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2. Computation of the parameterized differential Galois group 

Until the end of the paper, C denotes an universal (A)-field equipped with n commuting derivations. 
Let C{X) be the [dxi A)-differential field of rational function in the indeterminate X, with coefficients in 

C, where X is a (A)-constant with dxX = 1, C is the field of 9_x-constant and such that dx commutes 
with all the derivations. Let us consider the parameterized linear differential equation: 

'dxY{X)\ _( 1\( Y{X) 
,dj,Y{X)J - [r{X) Oj [dxY{X)^ 

with r{X) G C{X). We want to apply Kovacic's algorithm for the parameterized linear differential 
equation Let G C SL2(C) be the parameterized differential Galois group. The algorithm from |Kov| 
can be applied if the field of -constant is algebraically closed, which is the case here. The problem is that 
C is an abstract field which is not very convenient for the computations. In fact we have an interpretation 
of the elements of C as meromorphic functions. Let Ci be the (A)-differential field generated over Q 
by the X-coefficients of r{X). Using the following result of Seidenberg (see |Sei58[ [Sei69j ) with Ko = Q 
and Ki — Ci, we find the existence of a polydisk D of C" such that the X-coefficients of r{X) can be 
considered as meromorphic functions on D. 

Theorem 2 (Seidenberg). Let Q C Kq C Ki be finitely generated (A) -differential extensions of Q and 
assume that Kq consists of meromorphic functions on some domain Q of €7^ . Then Ki is isomorphic to 
the field K* of meromorphic functions on fli C fi, such that ii'oloi C K^, and the derivations in A can 
be identified with the derivations with respect to the coordinates on Cli. 

Let {AiDjdti, ■ ■ ■ ,dt„) denotes the At = {dt^, ■ ■ ■ , 9t„ }-differential field of meromorphic functions on 

D, a polydisk of C". Let t — (ti, . . . , i„). The discussion above tell us that the r{X) of the equation ^ 
can be identified with r{X,t), an element of AioiX) Q, where 13 is a polydisk of C". We will consider 
the parameterized linear differential equation: 

'dxY{X,t)\ ^ / 1\ / Y{X,t) 
,dj,Y{X,t)J {riX,t) Oj {dxYiX^t)^ 

with r{X, t) £ Md{X). The group G is defined by a finite number of (A)-differential polynomial. Again, 
using the result of Seidenberg with the (A)-differential field generated over Q by the coefficients of the 
(A)-differential polynomial that define G and the X-coefficients of r{X), we deduce that G can be seen 
as a linear differential algebraic subgroup of SL2(A^d)- Using again the result of Seidenberg, we remark 
that after shrinking D, we can assume that if G is conjugated over SL2(C) to Q, then we can identify 
Q and G as linear differential algebraic subgroups of SL2(A^d), and they are conjugated over SL2(A^d)- 
Furthermore, we obtain that the Liouvillian solutions found are defined over the algebraic closure of 
A^£)(X). We will compute G as a linear differential algebraic subgroup of SL2(A4d)- We recall that we 
will have four cases to consider: 

(1) There exists a LiouviUian solution of the form: g{X,t) — eJo ./("^*)''"^ -^j^j^ f{X,t) e Md{X). 

(2) There exists a Liouvillian solution of the form: g{X,t) = e^o /C"'*)''"^ where f{X,t) is algebraic 
over Md{X) of degree two and f{X,t) ^ Md{X). 

(3) All the solutions are algebraic over A^£)(X). 

(4) There are no Liouvillian solutions. 

They correspond to the four cases recalled in the introduction. The proposition 6.26 of jHS| says that, 
if we take the same fundamental solution, the Zariski closure of G is the unparameterized differential 
Galois group. This means that in each case we are looking at the Zariski dense subgroups of the group 
given by the usual Kovacic's algorithm. 

2.1. We start with the case number 1. There exists a Liouvillian solution of the form: 

g{X,t) ^eJo ' ' , 

with f{X,t) G A^d(X). The action of G on the solution g{X,t) can be computed with the following 
lemma: 

Lemma 3. Let a E G. 

(1) Let a{t) £ Ail) and p,q G N, such that GCD{p,q) = 1. Then there exists fc G N such that 
a{{X ~ a{t)Y/'i) ^e^{X~a{t)Y/'i. 

(2) Let a{t),(3{t) G Md and l3{t) ^ Q. Then there exists a G C and c G C* such that a{{X - a{t)Y^^^) = 
ce 

(3) Let Q{X,t) eMoiX). Then there exists a G C* such that cr(e'3(^'*)) = ae'3(^.*). 



^A4b(X) denotes the ((9x , At)-difTerential field of rational function with indeterminate X and with coefficients in A^u, 
such that dx^ = 1, X is a (At)-constant and the field A4o is the field of 9x-constant. 
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Proof. (1) We use the fact the elements of G are fields automorphism that leave invariant Ain- 
(2) A computation shows that = \\og{X ~ a{t))duP(t) - ^''x-l(t)^ \ {X ~ a{t))f^'^^\ The 

fact that a commutes with all the derivations implies the existence of a G C and f{t) e M.d such that 
cj{\og{X-a{t))) equals to log(X-a(i)) + a and cr((X-a(t))'^W) = J{t){X-a{t)Y^^\ Since 9(,cr = ad^, 
we obtain that: 



\og{X - a{t))dum 



X - a{t) 



X — a[t) 

Finally, f{t) satisfies the parameterized linear differential equation 

\f{t)adum) 

This means that f^^^)^l'^^l^^) = c e C*, and log/(<) = a/3(<) + log(c). Then we deduce that f{t) ce"'^^*). 
(3) We use the fact that 

a,,a(e'3(^'*)) =cT(a,. {Q{X,t)) e'^^^-'^) ^ duQ{X,t)a (e-^t^-*)) . 

The equation 9t,cr (e'3(-^'*)) = dt,Q{X,t)a (e^(^'*)) admits cr(e'3(^'*)) = ae^^^-*'^ with a G C* as solution. 

□ 

We deduce that the matrices of G are upper triangular. We will note by Gm — GLi(A^d) the 
multiplicative group. The proof of the following proposition is inspired by the proof of the theorem 1.4 

of |Sit| . Let p : G — > G„i that send (^q^ j m{t). Let M be the image of p and A C A4d 

such that 



I (^Q , where a{t) e a| , 



is the kernel of p. We have already computed M with the lemma [31 For m{t) G M, let T„i(i-f be the 
set of 7m(t) € Md such that ^"^^^^ ^^^j-i^ ^ We will identify C* with the field of constants 
elements of A4d- If C* ^ M, because of the lemma [31 g{X,t) E A4£){X) and we can compute explicitly 



I / g{u,t) ^du, which is another solution. We obtain explicitly a fundamental solution and we 

Ju=0 

can compute G. The next proposition explain how to compute G when C* C M. 
Proposition 4. Let us keep the same notations. Assume that C* C RI . Then G is conjugated to: 

m{t) a{t)_ \ _ g g ^ 



m(t)- 

For the proof of the proposition, we will need the following lemmas. 

Lemma 5. Assume that C* C M. Let m{t) G M and a{t) G A. Then m{t)a{t) G A. 

Proof. With the lemma[31 we obtain that for all m{t) G M, there exists b{t) G M such that b{t)'^ = m(t). 
Let m(t) G M, b(t)'^ = m{t), ^}j(t) G ^b{t)^ and a(i) G A. The computation: 

7fc(*) ^ A <t)\(b{t) imY^-f^ m{t)a{t) 

\ b{t)-^) \q I )\q b{t)-^J [o 1 

shows that if m(t) G M and a(i) G A, then m{t)a{t) e A. □ 
Lemma 6. Assume thatC* C ill. Letm{t) G M. Then^rn{t)Tl'm(t) ^ ^^mCt) ''■f '^''^d only if {'jrnit) ~ l'm(t)) ^ ^■ 
Proo/. Let 7m(t),7m(t) G rm(t)- The computation: 

7m(t) \ /^"^(*) im(t) = /^^ "^W(7m(t) -7™(t)) 

m{t)~^) \ m(t)^V 1 

shows that ?Ti(i)(7„(t) ~7m(t)) ^ ^'-^"-^ then (7m(t) ~7m(t)) ^ because of the lemma[3 Conversely, if 
(7m(t) - 7m(t)) € A and 7^(4) G T^(t), then m{t){-i^(t) - im{t)) ^ ^' because of the lemma [^ The same 
computation shows that 7^(-j-) G '^m(t)- D 

Lemma 7. Assume that C* C Af . Lef 6 G C* \ {±1} and G Ffc. Let: 
Then, I3{t){m{t) - m{t)-^) G r,„(t), for all m{t) G M. 
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Proof. Let m{t) G M and jmit) G ^m{t)- The computation: 

b lb\ ( m{t) 7„(i) \ fh 7fc \ V "^(^) 7m(t) ^ ^ 
m(t)-7 1^0 b-^) \ m(t)-i^ 

1 (1 - m{tf)b-ib - (1 - 52)m(t)7„,(,) 
1 

implies that (1 — m{t)'^)b'^b ^ (1 ^ ^^)'7i(t)7m(t) G ^- Since (1 — b'^)m{t) e M, the lemma [S] imphes that: 

(1 - 62)-im(t)-i(l - m(t)2)67b - = /3(i)(™W - m{t)-^) - 7„(t) e ^1. 
Therefore I3{t){m{t) — m{t)^^) e Vmit)! because of the lemmajS] □ 
Proof of the proposition^ With the lemmas [5] and [71 we find that: 

„ {fm(t) P(t)im(t) ~ m(t)-'^) + a(t)\ , ,^ , 

G~|f ^^^^ ^ M , where m(i) e M, a(t) e A 



^1 

expression of G. After a conjugation by the element P = [ p. 1 ) , we obtain that: 



If we change the fundamental solution (i.e: if we conjugate G over GL2(A^d)), we can simplify the 

,0 1 

PGP-' 0, I J^^l,) , where m{t) e M, a{t) e A 



m(t)- 



□ 



We want now to compute G when C* C M. The computation of AI has been already done in the lemma 
[31 We are now interested to the computation of A, which is a linear differential algebraic subgroup of 
{A4d, +)• Cassidy classifies the linear differential algebraic subgroups of the additive group in the lemma 
11 of [072]. We define MdIvi ■ ■ ■ J 2/1^] At J as the ring of linear homogeneous differential polynomials. 
There exists Pi, . . . Pm G MD[y]Atj such that: 

A = {a{t) e MD\Pi{a{t)) = • • • = Pm{a{t)) = 0}. 
We recall that g{X,t) / g{u,t) ^du is another solution. We can choose /3(t) £ Md such that in 

Ju=0 

the basis formed by the solutions g{X,t) and g{X,t) / g{u,t) ^du + l3{t)g{X,t), G is equals to 

Ju=0 

m{t) a{t) \ ^ ^^^^^ ^^^^ ^ ^^^^ ^ ^1 LjjI- ^ ^Yie subfield of elements that fix g{X, t) 



TO(t) 

and let a E G^ . Let a(<) € A such that: 

a |^.g(X,i)^^^gKt)-2dy + /3(t)g(X,i)^ - (^{X,t) j^^^g{u,t)-^du + m9{X,t)^ +a{t)g{X,t). 
Since 

a |^.g(X,0^_^.gKt)~'dw + /3(t)g(X,t)j - .g(X,i) (^j^^^g{u,t)-^d^ + /3(i) j , 
we deduce that 

-2j„, I / „/„, -(\-2 



"^(iu - / du = a{t)EA. 

u=0 / v/m=0 



Therefore, the differentials polynomials Pi satisfy Vcr G G^: 

Since Pi (^J^^q g{u,t)^^duj is fixed by the elements of G^, we deduce by the Galois correspondence in 
the parameterized differential Galois theory (see the theorem 9.5 in [CSp . that 



X 

2, 



PMt)) ^O^P^\^J ^g{u,t)-'duj e MD{X){g{X,t))o^^^^, 
where M. D[X){g{X ,t)) denotes the (i9jf. At)— differential field generated by M.d{X) and g{X,t). 



6 



THOMAS DREYFUS 



2.2. Let us consider the case number 2: there exists a LiouviUian solution of the form eM Z^''^*)''"^ 
such that f{X,t) satisfies fiX,t)^ + a{X,t)f{X,t) + b{X,t) = 0, w here aiX,t),b{X,t) e MoiX). 
There exists e G {±1} such that f{X,t) ~ a(x,t)+£^a(x,t) 4b{x,t) ^ computing the action of G 



°Jo 2 T^f^ find that eJo 



on e^o ^ we find that e^o ^ is another LiouviUian solution 

which is linearly independent of the first one. By computing the action of G on the second LiouviUian 
solution we find the existence of M, a linear differential algebraic subgroup of the multiplicative group 
Gm such that, in the basis formed by the two LiouviUian solutions: 

We are interested now to the computation of Af. A direct computation shows that if there exists a € 
G such that a , then for all i < n, a{t) satisfies the parameterized 

differential equation: 

dtMt) + a{t) (^du fiu, t)di}j = a{t)a (^d^ f{u, t)d^ . 

Let dtia{t) — be the logarithm derivation. In |C72j Chapter 4, we see that there exists Pi,. . . ,Pk £ 

Moiyi ■ ■ ■ , yn]At such that: 



{a{tm (dtMt)) =--- = Pk [dtMt)) = O} 



The polynomial Pj satisfies, for all a € G, Pj (dt^ f{u, t)du\ = a (Pj (dt^ J^^ ,f{u, t)du \ j and then. 



(dtMt)) = O^Pj Idt, f f{u,t)du] e Md{X) 



2.3. In the third case, G is finite, because his Zariski closure is finite. Since all finite linear differential 
algebraic subgroups of SL2(A^d) are finite linear algebraic subgroups of SL2(A^d), G is equal to the 
unparameterized differential Galois group. This is the same problem as in the unparameterized case. See 
[HW for the computation of G. 

2.4. We consider now the case where no LiouviUian solutions are found. We have seen in the introduction 
that in this case, the unparameterized differential Galois group is SL2(A1d)- Therefore, G is Zariski dense 
in SL2(Md). 

The classification of the Zariski dense subgroup of SL2(A4d) has been made in [C72j . Proposition 42. 
Let D be the A^-vectorial space of derivations of the form: 

|^ai(i)5f,, where ai{t) e Md^ , 

and D a vectorial subspace of D. Let A4^ be the elements of A4d that are constant for the derivations 
in D. Remark that if D = {0}, then — Md- The linear differential algebraic subgroup of SL2(A^d) 
that are Zariski dense in SL2(A^d) are conjugated over SL2(A^d) to the groups of the form SL2(A^d), 
with D a vectorial subspace of D. 

Let D C D such that G is conjugated over SL2(A1d) to SL2(A^q). We want to compute explicitly D. 
This leads us to the notion of integrable system. Let Aq{X, t), . . . , Ak{X, t), mx m matrices with entries 
in MoiX) and 5^'^, . . . , d'^^ € D. The system 



[S] 



dxY{X,t) = Ao{X,t)Y{X,t) 
d[J{X,t) = Ai{X,t)Y{X,t) 



d[Y{X,t) = Ak{X,t)Y{X,t). 
is integrable if and only if, for all < i, j < fc: 

d'tA^{X,t) - d'tA,{X,t) ^ A,{X,t)A,{X,t) - A,{X,t)A,{X,t), 

where d'l^ = dx- We recall here the proposition 6.3 of [CS], which relates the integrable system and the 
parameterized differential Galois group in the case where the field of (9x-constant is differentially closed. 
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Proposition 8. Let {9^^, . . . be a commuting basis o/B, a vectorial subspace of D. G is conjugated 

to SL2(A^5V) over SL2(A^d) */ o,nd only if there exists Ai{X^ t), . . . , Ak{X, t), mxm matrices with entries 
in AiniXjQ, such that the system is integrable: 



[S] 



dxY{X,t) = A{X,t)Y{X,t) 
d[J{X,t) = A^{X,t)Y{X,t) 



d'tY{X,t) 



Ak{X,t)Y{X,t). 



We want to give simpler necessary and sufficient condition for the integrability of the system in the 
proposition [5] First, we wiU write a necessary and sufficient condition for the integrability of: 



where A'{X,t) = 



[5']: 

a{X,t) b{X,t) 



dxY{X,t) 
d'Y{X,t) 



A{X,t)Y{X,t) 
A'{X,t)Y{X,t), 



is a m X m matrix with entries in and d' E D. The fact 



^c{X,t) d{X,t)^ 

that [S'] is integrable is equivalent to the solution in (A^£i(X))^ of the parameterized differential system: 
dxa{X,t) = c{X,t)-b{X,t)r{X,t) 
dxb{X,t) = d{X,t) - a{X,t) 
dxc{X,t) = {a{X,t) - diX,t))r{X,t) +d'r{X,t) 
dxd{X, t) = b{X, t)r{X, t) - c{X, t) 



dxa{X,t) 
d\b{X,t) 
dxc{X,t) 

dlKX,t) 
2 

dxa{X,t) 
d\h{X,t) 
dxc{X,t) 

dlb(X.t) 



-dxd{X,t) 
2dxd{X,t) 

-dxb{X, t)r{X, t) + d'r{X, t) 
b{X,t)r{X,t) -c{X,t) 

-dxd{X,t) 
2dxd{X,t) 

-dxb{X,t)r{X,t) + d'r{X,t) 

2dxb{X, t)r{X, t) + b{X, t)dxr{X, t) - d'r{X, t). 



We can easily see, that the existence of b{X,t) e A4d{X) solution of: 

&^ = 2dxb{X, t)r{X, t) + b{X, t)dxriX, t) - d'r{X, t), 

is equivalent to the fact that the system \S'] is integrable. There exists algorithm to determine if such a 
system has a solution (see jVdPS| p. 100). We obtain a necessary and sufficient condition on d' for the 
integrability condition of the system [S']. Let D be the maximal vectorial subspace of D such that for all 
derivations d' in D, there exists A'{X,t), mxm matrix with entries in A4d{X) such that the following 
system is integrable: 

" dxY{X,t) = A{X,t)Y{X,t) 
d'Y{X,t) = A'{X,t)Y{X,t). 

We want to prove that the parameterized differential Galois group of dxY{X,t) = A{X,t)Y{X,t) is 
conjugated to SL2{Mf)) over SL2(A^d)- Assume that this is not the case. Then by the proposition 
[SI there exists ]D>i,D2 S having at least dimension 1, with Di ^ ©2 such that G is conjugated to 
SL2(A^^^) and SL2(A^^'). In this case, SL2(7Wj^^) is conjugated to SL2(A^°') over SL2(7Wd)- The fact 
that ©1 — ©2 is proved in |Sitj . Theorem 1.2, Chapter 2 but we will recall the proof here. Let a £ 





[S'] 



and consider the diagonal matrix M 



a- 



G SL2(A^j3^). Since similar matrices have the same 



set of eigenvalues and is algebraically closed , we obtain that a{t) e ■ Therefore C 
and by symmetry, — . We deduce then Di = ©2 = E*- We have proved: 

Proposition 9. We have the following equivalences: 

(1) G is conjugated to SL2(A^d) over SL2(A^d) 

(2) For all d' that belongs in a commuting basis o/D, the following parameterized differential equation 
has a solution in ^AD{X): 

^^^[^'^^ = 2dxb{X, t)r{X, t) + b{X, t)dxr{X, t) - d'r{X, t). 



Using the result of Seidenberg, we can identify the matrices as elements of GL2(A^d(X)) because their entries involve 
a finite number of elements of the fields of 9x-constant. 
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(3) For all d' G B, the following parameterized differential equation has a solution in A4d{X): 
&^ = 2dxb{X, t)r{X, t) + h{X, t)dxriX, t) - d'r{X, t). 

Remark 10. In the case where n = 1 (i.e: there is only one parameter) the Zariski dense subgroups of 
SL2(A^d) are (up to conjugation over SL2(A^d)) SL2(A^d) and SL2(C). Then we only have to check if: 

^^^^ = 2dxb{X, t)r{X, t) + h{X, t)dxriX, t) ~ dtr{X, t), 
has a solution in M.d{X) or not. 

2.5. We summarize in the next theorem the results of this section. 

Theorem 11. Let us consider d\Y{X,t) = r{X,t)Y{X,t) with r{X,t) e Md{X) and let G be the 
parameterized differential Galois group, seen as a linear differential algebraic subgroup of SL2(A1d)- 
There are four possibilities. 

(1) There exists a Liouvillian solution of the form g{X,t) — e-^o /("'*)''"^ with f{X,t) G M£){X). 
There are two possibilities. 

(a) If g{X,t) £ A4d, then we can compute explicitly another solution g{X,t) / g{u,t) ^du 

Ju=0 

which linearly independent with g{X,t). In this basis of solution we can compute explicitly 
G. 

(b) In the other case, G, is conjugated to: 



where: 

M = {fit) e Md\^(7 e G such that g{X,t)-^a{g(X,t))}. 

A = {ait) e MniyP e A^z^blA,,^ (/io^C",*)"'^") G MD{X){g{X,t))9^^A, ^ P{a{t)) = o} . 

(2) There exists a Liouvillian solution of the form g{X,t) — e-^o f^'^^^^'^^'- ^ where f{X,t) is algebraic 
over A4d{X) of degree two and f{X,t) (f. A^£)(X). In this case, G is conjugated to 







, where a, 6 G M > , where. 



M 



f{t)eMD\yPeMD[yi---,yn]A„p(du J^^ f{u,t)du] e Md{X) ^ P (^dtj{t)'^ =0 



(3) G is finite. In this case, G is equals to the unparameterized differential Galois group. 

(4) There are no Liouvillian solutions. In this case, there exists D, a M.d- vectorial space of deriva- 
tions spanned by At, such that G is conjugated to SL2(A1q). Moreover, d[ S B) if and only if the 
following parameterized differential equation has a solution in AioiX): 

&^ = 2dxb{X, t)r{X, t) + b{X, t)dxr{X, t) ~ d'AX). 

Notice that the computation of the Liouvillian solutions and the unparameterized differential Galois 
group are already known. Our results compute the parameterized differential Galois group in the cases 
1,2 and 4. The classification of the Zariski dense linear differential algebraic subgroup of SL2(A1d) and 
the link with integrable system where already known (see |C72IICS] ). but we give here an effective way to 
compute the Galois group in the case number 4 and we decrease the number of integrability conditions. 

3. Examples 

In the following examples, we will consider equations having coefficients in AAd{X) and we will compute 
G as a linear differential algebraic subgroup of SL2(A^d)- In the three first examples, we are in the case 
where no Liouvillian solutions are found. In the fourth example, we are in the case number 1 and in the 
last example, we are in the case number 2. 



Example 12 (Schrodinger equation with rational potential of odd degree ). Letr(X,t) 
There are no Liouvillian solutions. The parameterized linear differential equation: 

= 2dxb{X, t)r{X, t) + b{X, t)dxr{X, t) ~ ^ a,{t)X\ 



i=0 



COMPUTING THE GALOIS GROUP OF SOME PARAMETERIZED LINEAR DIFFERENTIAL EQUATION OF ORDER TWCO 

has a rational solution if and only if there exists c{t) G A^c such that: 

a2«+i(t) e Md 
a2n{t) = c{t){2n+l) 
i <2n: a,{t) = c{t){i + l)ti+i. 

2n-l 

dt'^ = {2n + l)dt^^ + X! + '^)U+idti and de^ = dt^^+i- 

i=0 

Example 13 (Bessel equation). Let r{X,t) — — 1- In [Kov| . Example 2 of the section 4.2, we see 

that if i ^ i + Z, this parameterized linear differential equation has no Liouvillian solution. We can 
choose D such that {Dn + Z)} = 0. We obtain that G is Zariski dense in SL2(A^d)- With the remark 
IIOI we have to see if the parameterized linear differential equation: 



And then: 
where: 



(3) ^ 2dM t) - 1 j + biX, t) ^ , 

has a solution in JVl£,{X) or not. Suppose that there exists h{X, t) e Mo{X) satisfying such an equation. 
We can see directly that if h{X^ t) has a poles, then it is X = 0. Assume that b{X, t) has a poles of order 
V at X = and let ^ f{t) e Md equals to the value at (0,t) of X'^b{X,t). Since b{X,t) satisfy the 
equation ([3]), we find for alH S D: 



2 ' 2 ' 2 

For all f, there is no ^ f{t) satisfying this equality and we find that b{X,t) G A^d[X]. Let v its degree 
and f{t) its leading term. The equation ^ has no constant solution and we can assume v > 1. We find 
for all t e D: 

= -2v}{t), 

which implies that the equation ^ has no solutions in AA£i{X) and then: 

G~ SL2(A1d). 

Example 14 (Harmonic oscillator). Let r{X,t) = ^ — \-t. There are no Liouvillian solution. With the 
remark [TUl we have to check if the parameterized linear differential equation: 



2dxb{X,t)\^—+t'j+b{X,t)--l, 

has a solution in Md{X) or not. We can see directly that if b{X,t) e M.d{X) is solution, then it has no 
poles, which means that b{X^t) G A^d[X]. Let v be its degree and ^ f{t) its leading term. We find 
that ^'^"'"2'''^^*'' = 0, which admit no solution different from 0. Then: 

G~ SL2(Md). 

Example 15. If r[X^t) — then we have two Liouvihian solutions: 

/ ^1+4* , v'l + 4t 

fi{X,t) = VXX^— andj2{X,t) = VXX — . 

We can compute the parameterized differential Galois group, for the fundamental solution 

h{X,t) f2{X,t) 



dxfl{X,t) dxf2{X,t) 

G ^ <! . ^-ig-a(yT+4l)^ ' ^here a e C , a G 

Viewed as a linear differential algebraic subgroup GL2(A^d), 




G.n'"?) _? J , where 9/^^™^ 



a-\t))' '\ a{t) 

_ 3 

X T&x^ 



Example 16. If r{X,t) = -|- — Tg^, then we have two Liouvillian solutions: 



xl/2 



h{X,t) = (X)i/4e2(*^)''' and f2(X,t) = {Xf/^e-^^'"'^" 

We can compute the parameterized differential Galois group, for the fundamental solution 

" h{X,t) f2{X,t) " 

dxh{X,t) dxf2{X,t) 
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°=={(t JM-m -^''^ 

We can remark that we have an integrable system: 

r dxY{X,t) = A{X,t)Y{X,t) 

\ dtY{X,t) = B{X,t)Y{X,t) 

with: 

A{X,t) = _° 3 n) and B{X,t) = ( f) ■ 

\X TEX^ \^ IQtX At. J 
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